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Abstract 

The spontaneous emission process, which is kinemati- 
cally forbidden in vacuum, may occur for kilovolt 
electrons traversing thin crystals as a direct result of 
the dynamical diffraction process which Paul Ewald 
was amongst the first to understand. The history of 
this effect is briefly reviewed. New experimental 
results, and the relevant theoretical background, are 
given for the resulting monochromatic X-ray emission 
lines known as coherent Bremsstrahlung and channel- 
ling radiation. The fine structure of these lines in 
particular is discussed, and their effects on electron 
energy-loss spectra described. 

1. Introduction 

'Having Ewald's theory as an example, it was easy 
to develop the theory of electron diffraction', wrote 
Hans Bethe in 1981. Guided by Ewald's ideas, Bethe 
thus developed the modem theory of dynamical elec- 
tron diffraction, in which the absence of a vector field 
affords considerable simplification (Bethe, 1928). At 
a recent American Crystallographic Association 
meeting, Ewald reminisced on how he had developed 
his theory during off-duty hours in a horse-drawn 
ambulance during the First World War (Ewald, 1916). 
The discovery of electron diffraction from crystals in 
1927 provided the incentive for the application of 
Ewald's work to charged particles. This paper outlines 
the way in which Bethe's theory of electron diffraction 
has become the basis of the modem theory of 
Bremsstrahlung from electrons traversing crystalline 
targets. Only comparatively recently has it been fully 
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appreciated how profoundly the effects of dynamical 
diffraction influence the theory of Bremsstrahlung 
product in crystals, and how intimately the two effects 
are related. In brief, whereas the conventional theory 
of Bremsstrahlung for isolated atoms (due to Bethe 
and Heitler) predicts an emission spectrum which is 
continuous in energy up to a certain cutoff, the 
modem theory of Bremsstrahlung for 'low'-energy 
(<2 MeV) collimated electrons traversing a crystal- 
line target predicts a series of monochromatic X-ray 
emission lines, one for each reciprocal-lattice vector 
and extinction distance. Since the energies and 
intensities of the lines are related to crystal structure 
factors, the resulting families of lines, known as 
coherent Bremsstrahlung (CB) and channelling radi- 
ation (CR), contain a great deal of crystal structure 
information. In the modem view, both CB and CR 
result from spontaneous emission between Bloch 
wave states of the incident beam. Only by taking these 
states to be solutions of the full three-dimensional 
dynamical diffraction problem, which Paul Ewald 
was amongst the first to understand, can the relation- 
ship between CB and CR be fully understood. 

The purpose of this paper is to present experimental 
evidence for 'type B' coherent Bremsstrahlung lines 
from a new longitudinal mode in the zone axis (axial) 
orientation from diamond, and to provide the relevant 
theoretical background needed for its interpretation 
using the language of dynamical electron diffraction. 
Particular emphasis is placed on the crystal structure 
information in CB and CR. We also discuss the fine 
structure of these lines and the form of the electron 
energy-loss spectra to be expected from the CB and 
CR prqcesse s. 

Channelling radiation was observed for the first 
time in 1975 (Vorobiev, Kaplin & Vorobiev, 1975), 
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while work on CB has continued for about thirty 
years, following the early speculation of Williams 
(1935) and theoretical treatment of Uberall (1956). 
The first experimental observations of CB were those 
of Barbiellini, Bologna, Diambrini Palazzi & Murtas 
(1962), while low-energy results were first obtained 
by Korobochko, Kosmach & Mincer (1965). Practi- 
cally all this work, however, has been done at very 
high particle energies (MeV-GeV) at which diffrac- 
tion effects are obscured, and a classical model is 
often appropriate. Here we concentrate on recent new 
low-energy CB results, for the interpretation of which 
Ewald's and Bethe's ideas are critically important. 
For a general review of CR and CB, see Saenz & 
Uberall (1985). Channelling radiation has been exten- 
sively studied by the Aarhus group, among others 
(see Andersen, Erikson & Laegsgaard, 1981). 

2. Simple models and line-broadening effects 

We consider a kilovolt electron traversing a thin crys- 
tal in the Laue geometry (see Fig. 1). The electron, 
travelling with velocity v = tic, encounters atoms in 
the inclined planes g shown, at a frequency to '= 
27rv/L', where L' is the lattice spacing measured in 
the rest frame of the electron. The energy of CB 
emission in that frame is then 

e '= hto'= 2~rhv/ L'. (1) 

Relativistic effects are included by replacing the 'fore- 
shortened' lattice spacing L' by the value L = yL' (as 
measured in the laboratory frame), and incorporating 
the angular-dependent relativistic Doppler effect 

o~ = ~o ' /~ (1  - 3 cos  0) .  (2)  

Here y =  (1-/32)  -1/2. Thus the CB energy observed 
in the laboratory frame from the moving electron 
source is e = hto, where 

e = h c f l / L ( 1 - c o s  0). (3) 

For an interatomic spacing in ~ngstrrms, and e in 
keV, this becomes 

e = 12.4 f l / L ( 1 - f l  cos 0). (4) 

Fig. 1. Kilovolt electron traversing a thin crystal containing inclined 
planes g. Here L, 0 and n are defined. An energy-dispersive 
X-ray spectrometer is indicated (EDS). 

The angle 0 is defined in Fig. 1. Thus there is an 
emission line for every periodic component of the 
electron's motion in this classical model, and we shall 
see that these are intimately related to the dynamical 
diffraction of the electron in a wave-mechanical pic- 
ture. Fig. 2 shows an experimental CB spectrum 
recently obtained frrom 80 and 120keV electrons 
incident along the [111] zone axis of diamond. The 
shift of the numbered peaks with accelerating voltage 
confirms that these are not characteristic X-ray 
emission lines. This spectrum was obtained using an 
energy-dispersive X-ray spectrometer (EDS) attached 
to a Philips EM400 electron microscope. 

The peaks shown in Fig. 2 may be related to the 
reciprocal-lattice construction, since the distance 
between atoms along the beam path belonging to 
crystal planes g is L =  (g.  n) -~, where -fi  is a unit 
vector in the beam direction. Defining 13 = (v/c)fi, the 
CB energy becomes 

e = hcB . g / ( 1 - f l  cos 0). (5) 

For low-energy CB the reciprocal-lattice vectors g 
which are important are those which are approxi- 
mately antiparallel to the beam direction. While a 
more detailed theory includes a number of other 
factors, the predominant term in the CB energy 
depends on the component of the reciprocal-lattice 
vector in the beam direction. Thus emission due to 
different g vectors in the same reciprocal-lattice plane 
normal to the beam (not passing through the origin) 
will be of approximately equal energy. We adopt the 
loose but convenient definition of these planes as 
higher-order Laue zones (HOLZ). The plane passing 
through the origin (normal to the beam) is known as 
the zero-order Laue zone (ZOLZ). Fig. 3 shows the 
relevant projection of the diamond reciprocal lattice 
(not all points shown lie in the plane of the paper). 
For a beam direction H, g.  H = n for reciprocal-lattice 

C o u n t s  
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Fig. 2. Experimental CB spectra from the axial [ 111] orientation 
in diamond at 80 and 120 keV. Copper grid characteristic lines 
and detector fluorescence (Si) are also seen. The numbering 
gives the order of the Laue zones responsible. The peaks are 
asymmetrical, and vary with accelerating voltage, unlike charac- 
teristic X-rays. Peaks 2 and 6 are absent (see text). 
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vector g in HOLZ plane n. Thus the peaks observed 
in Fig. 2 can be assigned values of n according to the 
HOLZ responsible, as shown. 

We note that peaks n = 2 and n = 6 are absent. 
These reciprocal-lattice planes satisfy the condition 
h + k +  l = 2p (p odd) for absent reflections in the 
diamond lattice. This absence of CB peaks for HOLZ 
planes for which all structure factors are zero demon- 
strates convincingly the crystallographic and diffrac- 
tion effects underlying the theory of CB. These absent 
lines are 'predicted' by the theory to be given in §6. 

It is traditional to distinguish two forms of radi- 
ation, CB, discussed in simple form above, and chan- 
nelling radiation (CR). In the language of dynamical 
electron diffraction, CR corresponds to the case where 
L = cg is a dynamical extinction distance (in simple 
cases). [A more refined model (see §3) is, however, 
needed to understand the details of CB and CR fine 
structure.] Hence CR occurs at lower energies than 
CB (in the UV for electron microscope voltages). 

Thus, while CB may be thought of loosely as 'jud- 
dering' or dipole radiation with the dipole axis 
parallel to the beam, CR or 'Pendel l i i sung '  radiation 
is more similar to the transverse 'wiggler' radiation 
used in synchrotrons. [A Bloch wave treatment of CR 
can be found in Spence & Humphreys (1984).] Thus 
CB would be most intense at right angles to the beam, 
were it not for the relativistic searchlight effect, which 
sweeps the intensity forward to an angle of approxi- 
mately 0 = 1/3' (for large ~). The axial CB intensity 
is zero in the forward direction. 

A final simple connection between CB and CR can 
be made as follows. Equation (5) is an approximation 
to the more accurate result 

e = hc f lSg / (1  - fl cos 0) (6) 

where Sg is the excitation error for reciprocal-lattice 
vector g in the plane n (n # 0). The height of this plane 
above the ZOLZ is gz, as required in (5). In the 
two-beam dynamical electron diffraction theory, Sg'-" 
~gl for large Sg, so that CB could perhaps be thought 
of as 'weak-beam' Pendel l i i sung radiation. Since the 
excitation errors are approximately equal to the 
reciprocals of the crystal stacking sequence in the 
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Fig. 3. Reciprocal lattice for the diamond structure. The numbered 
higher-order Laue zones correspond to the peaks in Fig. 2. Not 
all the points shown lie in the plane of the page. 

beam direction, a connection is also made with the 
'forbidden reflection' or termination reflection 
method of imaging surface steps in transmission elec- 
tron microscopy. 

In addition to line broadening owing to the many 
reciprocal-lattice vectors which may contribute to 
each peak, there is a Doppler broadening owing to 
the variation of emission energy across the detector 
semi-angle /tO. From (3), for a detector at 0 =90 °, 

this is A E / e  = #AO. (7) 

A further line-broadening mechanism results from 
the limited depth for which the coherent elastic por- 
tion of the beam electron is excited. This wave field 
is depleted as a result of the activation of all the 
elementary excitations of the crystal, such as plas- 
mons, phonons and atomic ionization. Of these, by 
far the most important 'dechannelling' mechanism is 
phonon excitation, since this may involve large-angle 
inelastic scattering. It can be shown that the line 
broadening A E  arising from this effect is given by 
(3), with L replaced by 

r =  O,J + ')/ (8) 

where/.i, j and /z  i are the absorption coefficients for 
the two dominant Bloch waves. These are simply 
related to the imaginary parts of the 'optical' potential 
used in electron diffraction. If this absorption length 
is much greater than the crystal thickness t, the broad- 
ening is again given by (3), but with L replaced by 
t. For silicon, using 1 MeV electrons, we then find the 
thermal broadening to be about 1.25 eV at room tem- 

i perature and 1.0 eV at 20 K, using the values of /z  
measured by Voss, Lehmpfuhl & Smith (1980). Thus 
the effects of cooling a sample to reduce the line 
width are minimal, because of the relatively large 
zero-point lattice vibration energy. This has important 
implications for the various attempts to use CB and 
CR as the basis for an electron 'laser'. The final 
line-broadening mechanism has been called 'Bloch 
wave broadening', and forms the subject of § 5 of this 
paper. For our experimental conditions, the magni- 
tudes of these line-broadening effects, in decreasing 
order (for kilovolt electrons), are (1) Doppler broad- 
ening, (2) g vector broadening, (3) Bloch wave 
broadening, and (4) thermal broadening. The energy 
resolution of the X-ray detector must also be con- 
sidered. 

Since the emission energy in (5) is proportional to 
/3, we see that CB provides a tunable source of X-rays 
in the soft X-ray region. To the extent that a single 
set of planes can be encouraged to dominate the 
process, the radiation is also polarized, with the elec- 
tric field vector parallel to g. The intensity of CB is 
found to be about 3% of that of the copper Kot line 
at 100kV; however, this result depends on many 
things, including specimen thickness (Williams, 
1986). 
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3. Spontaneous emission in crystals 

Consider the spontaneous emission of a photon by 
an electron in vacuum. Energy and momentum con- 
servation require that 

mecE=(hEcEkE+mEc4)l/E+hcq, (9) 

where q is the photon wave vector, ke the electron 
wave vector and me the electron mass (all in the 
electron rest frame). This equation cannot be satisfied. 
For an electron traversing a thin crystal, however, 
two related effects make spontaneous emission pos- 
sible - Bragg diffraction (or Umklapp) and dynamical 
dispersion. Although these effects are linked through 
the crystal potential, there are useful approximations 
which make it possible to associate the first of these 
(Umklapp) with the spontaneous emission respon- 
sible for CB and the second with CR. Loosely, we 
may say that the crystal provides something for the 
electron to 'kick against'. By modifying the dispersion 
surface from that of a free electron, dynamical diffrac- 
tion makes possible spontaneous emission transitions 
which would otherwise be forbidden. However, we 
have already seen that this vacuum transition is for- 
bidden. For CR these transitions are of the interband 
type and occur between the innermost dispersion 
surfaces shown in Fig. 4 (see Hirsch, Howie, 
Nicholson, Pashley & Whelan, 1977). For a given 
energy change only this transition involves a smaller 
momentum change than that which would occur 
between the 'vacuum spheres' (shown dashed) in 
vacuo. For CB we will see that, since the dipole 
approximation cannot be made at low accelerating 
voltages (the photon wave vector may be larger than 
a reciprocal-lattice vector), the usefulness of the dis- 
tinction between interband and intraband transitions 
is largely lost. For small q, however, the CB transitions 
are of the intraband type. 

If (9) is replaced by a momentum conservation law 
expressing conservation of crystal momentum, 

k"=  k S + g - q  (10) 

and dispersion of the Bloch wave vectors k s (for the 

1' 

2' 

8Z 

Fig. 4. L R transitions between Bloch wave states of initial energy 
E i (1,2) and final-state energy Ef (1', 2'). Only the interband 
transition 2-1' shown bold involves less momentum transfer than 
the (forbidden) transition shown as f between free-electron 
states, whose dispersion surfaces are shown dashed. States 1 and 
2 correspond to the same total energy (similarly for 1', 2'). See 
Hirsch, Howie, Nicholson, Pashley & Whelan (1977). BZ is the 
Brillouin zone boundary. 

initial state) and k c (for the final state) are allowed 
for by introducing 

- A  i = K 2 -  k (j)2 (11) 
and 

-A i'= K '2 -  k tr)2 (12) 

then spontaneous emission becomes possible. Here 
K (K') is the wave vector of the initial (final) state of 
the beam electron outside the crystal. The quantities 
A i' and A j describe the deviation of the dynamical 
electron dispersion surface from the spheres which 
describe a free electron. The discrete nature of this 
allowed momentum transfer in crystals accounts for 
the monochromatic form of CB emission (for a point 
detector). This momentum transfer appears as a 
whole-body translation of the crystal, much as in the 
M6ssbauer effect. The dispersion is responsible for • 
CR and the fine structure on CB lines. When these 
equations are combined with the relativistically cor- 
rect energy conservation laws, the emission energy 
measured in the laboratory frame is found to be 
(Reese, Spence & Yamamoto, 1984) 

e = hcq = hcfl[gz - g 2 / 2 K  

- ( A J - A " ) / 2 K ] / ( 1 - f l  cos 0) (13) 

= 90 °. 

Here 0 and ~ are the angles q makes with K and g 
respectively, and A i, and A s are eigenvalues obtained 
from solutions to the three-dimensional dynamical 
diffraction problem. These are inversely proportional 
to extinction distances. Since 

Sg=gz-g2/2K,  (14) 

equation (13) recovers (6) for AJ=A; '=0.  The last 
two terms in (13) describe CR, while the first two 
describe CB. At the exact Bragg condition Sg -- 0, and 
pure CR results. In general, however, one has a mix- 
ture of transitions, involving combinations of these 
processes. Equation (13) shows the two types of line 
broadening mentioned earlier - the many values of 
g in a single HOLZ layer which contribute to a single 
peak in Fig. 2, while further broadening arises from 
the CB sidebands from the A s terms. These are dis- 
cussed further in §5. 

4. Dispersion surfaces 

Our recent work has chiefly concerned a new type of 
longitudinal mode in CB, in which the momentum 
transfer g to the lattice may lie strictly antiparallel to 
the beam direction (e.g. peak n = 3 in Fig. 2). These 
transitions are only possible because of the variation 
of the crystal potential in the beam direction - thus 
they provide dramatic evidence of the failure of the 
projection approximation commonly used in dynami- 
cal electron diffraction. This case has been analyzed 
in detail theoretically by Kurizki (1986). It is instruc- 
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tive to consider these transitions as represented on 
the dynamical dispersion surfaces. These surfaces 
show the locus of k i (which label the Bloch waves 
excited in the crystal) for a given total energy. All 
Bloch waves of the initial state correspond to the 
same total energy. The surfaces shown in Fig. 5 are 
those for GeAuAs, whose structure has recently been 
determined by electron diffraction (Vincent, Bird & 
Steeds, 1985). Continuous lines show the 'surfaces' 
for the initial state, while the dashed lines indicate 
surfaces of lower energy for the final state. Bloch 
waves are excited at points A, B, C etc. for the initial 
state. The kinematics of (10) are indicated. 

Bolder lines (on the locus of a sphere passing 
through A) indicate the locus of strongly excited 
Bloch waves for the initial state. Sinde the energy and 
direction of the emitted photon is fixed for a given 
point on the spectrum and detector geometry, the 
termination point of q is fixed for Umklapp on a 
specified g. The figure shows the case of Umklapp on 
g antiparallel to a zone-axis beam direction, with an 
X-ray detector at right angles to the beam. The CR 
side bands then correspond to vertical movement of 
the family of final-state dispersion surfaces allowing 
q to terminate on different branches A s'. Strongly 
excited Bloch waves lie close to the bold 'vacuum 
sphere'; thus our numerical calculations suggest that 
it is a good approximation to consider only transitions 
out of the n = 2 initial state of A~ Then the spectrum 
of final states associated with a particular Umklapp 
g reflects the series of gaps between dispersion sur- 
faces for the final-state diffraction conditions. These 
gaps open up at the Brillouin zone boundaries shown 
as the crystal potential is 'switched on', much as in 
the nearly-free electron theory of crystal electron- 
band structure. Note, however, that in that theory 
each Bloch wave eigenstate corresponds to a different 
total electron energy. Unfortunately, it is only in the 
soluble two-beam dynamical theory that these gaps 
are simply related to crystal structure factors or 
Fourier coefficients of crystal potential. 

m , i i , i 2 

g 1 , 

i i 

6 - . - I  -- - -  P' i f 

\ ',lkr/ , / ~ .  ', / N  
i I J 

\ / /  \ : / i \ : / i "  
Fig. 5. Axial CB transitions represented on the dispersion surfaces 

for AuGeAs [see Vincent, Bird & Steeds (1985)]. Vertical dashed 
lines indicate the Brillouin zone boundaries, horizontal dashed 
lines are the final-state dispersion surfaces of energy Ef. In a 
scale diagram, the momentum transfer to the lattice g would be 
much larger. CR side bands on CB lines correspond to the 
termination point of g moving, for example, from 3' to the lower 
branch 4' shown. 

We can conclude that, in principle at least, the fine 
structure of CB emission contains information on the 
eigenvalues of the crystal structure matrix (Spence, 
1981). Since these eigenvalues are proportional to the 
sideband energies (which can be measured very 
accurately), their determination from CB spectra 
would avoid the problems of background subtraction 
which accompany any intensity measurement. 
However, no observations of fine structure on CB 
lines owing to dynamical dispersion have yet been 
reported, and the problems of distinguishing this 
line-broadening mechanism from the others discussed 
in §2 above are unlikely to be overcome soon. In 
current research, we have fitted a wavelength-disper- 
sive X-ray spectrometer to a transmission electron 
microscope in order to study this fine structure. 

The special case q = h (Umklapp g antiparallel to 
axial K, g orthogonal to q and h) is of some interest. 
Here the emitted X-rays satisfy the Bragg condition 
with an X-ray Bragg angle of 90 ° for planes h contain- 
ing the beam direction, which act as mirror reflectors. 
The resulting evanescent X-ray wave field set up in 
the crystal may enhance the photon intensity 
sufficiently to lead to stimulated emission from the 
electron beam. Closed-form results for this case have 
recently been obtained (Reese, Spence & Yamamoto, 
1984). For cubic crystals, the conditions y = 21/2 (cor- 
responding to an accelerating voltage of 211.66 kV) 
and [ 100] beam direction with 0 = 90 ° for the h = (022) 
crystal planes. Our recent experiments with silicon 
under these conditions failed to detect any enhance- 
ment of the (400) CB peak under this 'resonance' 
condition. This difficult experiment requires the 
absolute orientation of the target crystal with b =  
[022] in the X-ray detector direction and g = [100] in 
the electron source direction. 

5. Side bands and fine structure 

The calculation of Bremsstrahlung emission 
intensities has traditionally been based on a two-step 
model involving intermediate states and plane-wave 
functions. This approach, however, is inadequate for 
the calculation of CR intensities, or for the calculation 
of CR 'side band' effects on CB spectra, in which 
dynamical dispersion is also important. [For a recon- 
ciliation of these approaches, see Andersen, Erikson 
& Laegsgaard (1981).] In the more accurate approach 
in which the emission is treated as spontaneous 
emission between Bloch wave states of the three- 
dimensional crystal potential, the intensity in the 
laboratory frame for a thin crystal can be written 
(Reese, Spence & Yamamoto, 1984) 

dP ot3 a2 hto2T 
d~2 - 27ryaflc(1-fl cos O) 3 IqxMI2 (15) 

where dP  is the energy emitted per incident electron 
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into solid angle dO, T is the crystal thickness, e is 
the fine-structure constant, a the Bohr radius, and q, 
M and o~ are measured in the rest frame (all other 
quantities are in the laboratory frame). The matrix 
element M # is given by 

~__ j j i'~g j i '  Mi j 27ri~-. a CgCg, (k r+gr )8 (k{+gr -k r - -g ' r - -q r )  
T gg '  

= ~--', M~ (16) 
h 

where 

MiJ h 2";riE,~Jf'J Pi'* [bJ +gr )~(kJ+h  __k~'__qr) 
- - - - ~  t~ ~_, g ~.~ g _ h \ ~  r 

1" g 

(17) 

with all quantities measured in the rest frame (Cg is 
independent of frame). Each value of h corresponds 
to a different Umklapp process (for CB), with h = 0 
describing CR. 

Using the linearized eigvenvalue method of 
Dederichs (1971), we have evaluated (15) for a variety 
of cases. The three-dimensional eigenvalue problem 
must be solved separately for both the initial and final 
states. Since q > g, these may refer to entirely different 
diffraction conditions, and no symmetry reduction is 
possible. For example, an initial state k j in axial 
channelling conditions, coupled to a final state k r in 
planar conditons, is conceivable. For the calculation 
of the profile of a single peak in Fig. 2, the sum over 
h extends over the relevant HOLZ, while that over g 
includes all of reciprocal space for which the Debye- 
Waller factor is appreciable. Our Fourier coefficients 
of crystal potential Vg were obtained from the electron 
scattering factors of Doyle & Turner (1968). An 
efficient perturbation method has also been suggested 
(Howie, 1984). 

Fig. 6(a) shows the computed intensity profile for 
the sixth-order Laue zone in diamond with a [114] 
electron-beam direction at 120 kV. The intensities in 
Fig. 6(a) are computed on a simple plane-wave model 
(Reese, Spence & Yamamoto, 1984), in which the 
intensity from each possible Umklapp g is propor- 
tional to Igz. Vgl 2. An X-ray detector resolution of 
2 eV is assumed. The photons emerge with the com- 
ponent of their wave vector perpendicular to the beam 
direction parallel to [221]. Two of the Umklapp g 
contributing are labelled. These labels refer to the 
reciprocal-lattice vector g in (13). Fig. 6(b) shows the 
result of an exact many-beam Bloch wave calculation 
for the same case, indicating the effects of the disper- 
sion of the wave field and consequent Bloch wave 
'side bands' and line broadening. This fine structure 
is not seen in the experimental spectrum (Fig. 2) 
owing to the limited energy resolution of energy- 
dispersive detectors (about 150 eV). Finally, Fig. 6(c) 
shows the more realistic case where a detector resol- 
ution of 20 eV is assumed, corresponding to the new 
spectrometer under trial at ASU. We see that the 

applicability of the plane-wave theory depends, 
amongst other things, on the energy resolution of the 
detector used. Bloch-wave effects cannot be seen at 
low energies using energy-dispersive X-ray detectors. 

Diamond C B 
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[114] ax ia l  

6 O L Z  
Plane - w a v e  
A = 2 e V  

(333 
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( a )  

I D iamond  [114] axial  C B 
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(c) 
Fig. 6. (a) The calculated axial CB emission spectrum for diamond 

at 120kV (0=103 °) using a plane-wave model, with a [114] 
beam direction. A detector energy resolution of 2 eV has been 
assumed, allowing individual peaks to be assigned Miller indices 
(two are indicated). All peaks arise from the sixth-order Laue 
zone. (b) Similar to (a), except that a full three-dimensional 
Bloch wave calculation has been employed. Here CR 'side bands' 
and other modifications result from the dispersion of the Bloch 
waves. (c) Similar to (b). However, the detector energy resolution 
has been increased to 20 eV. The detector semi-angle is assumed 
small in these calculations (negligible Doppler broadening). 
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Since the fine structure of CB lines depends on the 
three-dimensional diffraction conditions of the final 
state, the detailed shape of these lines is found to 
depend on the azimuthal direction of the X-ray detec- 
tor. Thus, as a crystal is rotated about the crystal zone 
axis (and collinear beam direction), the fine structure 
of CB lines is predicted to change. Experiments to 
observe this effect at 0.8 MeV have been unsuccessful 
owing to limited detector energy resolution. 

It has been suggested that, whereas CR corresponds 
to transitions between the transverse bound states of 
the projected crystal potential, CB corresponds to 
transitions between free (plane-wave) states. Our 
calculations show that whereas the predominant 
Bloch wave for the initial state in axial CB is deeply 
bound, the final state may be either bound or free. 
In general, at low energies where dispersion is strong 
the three-dimensional Bloch wave functions cannot 
be separated into a simple product of transverse and 
longitudinal components, so that the bound or free 
distinction is less useful. 

A simple estimate of the separation of Bloch wave 
side bands on axial CB lines may be made for the 
special case of a final state at the two-beam Bragg 
condition. Then h 2-~ 0 and 

hc/3AE"3'/EK = + Vg. (18) 

Thus for a detector at right angles to the beam (0 = 
90°), the side band splitting is, from (13), 

A e  = E Vg. (19) 

We note that this simple result is dependent on the 
two-beam approximation for the final-state disper- 
sion - CB cannot easily, therefore, be used to measure 
Fourier coefficients of crystal potential. Equation (19) 
does, however, give some estimate of the energy reso- 
lution needed to observe Bloch wave effects on CB 
spectra. The limitation on angular width imposed by 
(7) then makes problems of background reduction 
severe. 

6. Electron energy-loss spectroscopy of CB and CR 

We now consider the possibility of observing effects 
corresponding to CB and CR emission in the trans- 
mitted-beam electron energy-loss spectrum. This 
technique offers at first sight the important advantages 
of superior energy resolution (about 1 eV) and greater 
collection efficiency, since most of the electrons 
suffering Bremsstrahlung energy losses fall within the 
collection angle of the energy-loss spectrometers 
fitted to modern electron microscopes. In addition, 
the energy range covered (0-2 kV) complements that 
of energy-dispersive X-ray detectors. Unfortunately, 
the angular integration performed by most spec- 
trometers means that a single peak is not seen in the 
energy-loss spectrum, since electrons are collected 
from photons emitted in all directions. The form of 

the energy-loss spectrum can be estimated by 
modelling CB emission as arising from a classical 
dipole oscillator, oscillating in the beam direction. 
For CR we may assume a transverse dipole, and in 
both cases make the dipole approximation and 
integrate the result over all angles. Then the shapes 
of the electron energy-loss spectra in the laboratory 
frame may be shown to be (Reese, Spence & 
Yamamoto, 1984) 

dNIdE'[(Elabl)'e')-l]2f1-2 fo rCR (20) 

dNIdE={1-[(E1abl3,e')-l]2}f1-2 for CB. (21) 

Here, dN/dE is the number of beam electrons losing 
energy in the range E~ab to Elab+dE, while e' is the 
rest-frame emission energy [see (1)]. The maximum 
and minimum energy cutoffs correspond to photon 
emission at 0 = 0 and 0 = 180 ° respectively. Fig. 7 
shows these two energy-loss spectral shapes for 
100 kV electrons. The difficulties in observing these 
shapes against the appreciable background of other 
processes are apparent, and our experiments to 
observe this effect in diamond and MgO have not 
been successful. 

The possibility of angular selection in energy-loss 
spectroscopy is considered in Fig. 8. If Bloch wave 
effects are ignored, this shows the plane-wave kine- 
matics for axial CB given by (10) on the Ewald sphere 
construction, with K and K' now replacing the Bloch 
wave vectors k j and k i'. Equation (13) (with A i'= hi = 
0) then describes an ellipse in three dimensions, 
whose eccentricity is approximately/3. The 'inelastic 
Ewald sphere' of radius K '  is also shown. Fig. 9 shows 
the locus of points on a transmission electron diffrac- 
tion pattern for which the electron has lost a particular 
amount of energy. The electron energy-loss spectrum 
obtained from a point on these curves might be 
expected to show a single sharp peak, and experi- 
ments of this type are under way at ASU. The figures 
take no account of the finite resolution of the detec- 
tors. Similar energy-loss effects owing to transition 
radiation have been reported previously (Cowley, 
1982). As a final possibility, we mention the use of 

~1/0 +~) 'r~' ~'/0 -/3) 

energy loss 

Fig. 7. Electron ener~-loss spectral shapes expected for CR and 
CB using 100 keV electrons. A spectrometer which collects over 
a large angle has been assumed, and the emission is monochro- 
matic in the rest frame. 
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coincidence counting between the energy-loss and 
photon-emission channels, which has recently been 
shown to be a practical possibility (Ahn & Krivanek, 
1985). 

7. Discussion 

In this paper we have tried to show that dynamical 
diffraction, which Paul Ewald first understood in 
detail, has the most profound effect on the 
Bremsstrahlung emission spectrum from crystalline 
targets. These effects have only recently become fully 
understood, owing to the efforts of many researchers 
in many countries. Their applications (and those of 
closely related channelling effects) include particle 
identification in high-energy physics, the develop- 
ment of tunable polarized X-ray sources and the 
construction of compact particle extractors for 
accelerators. The unwanted effects of CB lines on the 
spectra used for the X-ray microanalysis of trans- 
mission samples have also been noted. Here the effect 
of crystallinity (which becomes increasingly impor- 
tant as electron probe sizes decrease) is seen to con- 

centrate the otherwise continuous Bremsstrahlung 
background into peaks, and thereby set the ultimate 
detection limit for microanalysis by this technique. 
No similar effect can be expected in the microanalysis 
of bulk samples owing to the high background arising 
from other processes. 

In a broader context it can be seen that the CB and 
CR from electrons at low accelerating voltages are 
but two modem electron diffraction effects in which 
the full translational symmetry of the beam electron 
and/or  that of crystal electrons must be considered 
in order to predict the observed spectra. Thus, in the 
theoretical development of CB and CR, as in the 
development of the theory of electron energy-loss 
near-edge fine structure [Disko, Spence, Sankey & 
Saldin (1986); see also Taft~ & Krivanek (1982) for 
the effects of electron channelling on characteristic 
energy losses], and that of electron channelling effects 
on characteristic X-ray production (Spence & Taft,,  
1983), early models based on plane waves and iso- 
lated-atom wave functions have given way to more 
sophisticated models which allow for dynamical 
diffraction of both beam and crystal electrons. 

g K' 

Fig. 8. Scattering kinematics for axial CB. In an angle-integrated 
energy-loss experiment all g vectors which terminate on the 
'inelastic Ewald sphere' K' shown contribute to the spectrum at 
a given energy loss. Thus Umklapp on g vectors other than those 
shown (related by symmetry) may contribute to the electron 
energy-loss spectral intensity of a particular energy loss. The 
axis of the ellipse is directed towards O'. 

000 

• • . 

Fig. 9. These circles indicate schematically the locus of final-state 
electron wave vectors corresponding to a given energy loss owing 
to coherent Bremsstrahlung. This wave vector may also couple 
to other Umklapp events (not shown). The incident electron- 
beam direction is normal to the page, and the dots represent the 
transmitted electron diffraction spots of the initial state. 
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Abstract 

Skew reflections are becoming more and more important 
in X-ray surface diffraction. A geometrical discussion of 
the whole dispersion surface in extremely skew cases gives 
the angular ranges of incidence and emergence in which 
the condition of X-ray diffraction is fulfilled. The main 
intensity comes from the incidence range given by 
IX0 --)(hi l/2 • 0i < [,](0"~Xh[ 1/2, where go and gh are the Four- 
ier coefficients of dielectric susceptibility of the crystal. 
Furthermore, the exit angle of the diffracted beam is of the 
order of the critical angle of specular total reflection. 

1. Introduction 

In the dynamical theory of X-ray diffraction starting from 
P. P. Ewald's and M. von Laue's work (e.g. von Laue, 1960) 
the discussion of the dispersion surface is useful for the 
interpretation of X-ray beams. Usually the dispersion sur- 
face is discussed in its section with the diffraction plane 
consisting of the incident beam, the exit beam and the 
diffraction vector bh. For nearly all relevant experiments 
checking the dynamical theory, so-called zero-layer diffrac- 
tion is realized (i.e. the normal to the entrance surface lies 
in the diffraction plane). Diffraction experiments using skew 
reflections can be treated on the basis of the conventional 
theory only for small angles between the surface normal 
and the diffraction plane. Especially in the case of grazing 
incidence the dynamical theory must be extended in such 
a manner that the curvature of the spheres of incidence 
and emergence must be taken into account, as given by 
Rustichelli (1975). Starting with the work of Marra, Eisen- 
berger & Cho (1979) a new technique was developed, the 
so-called X-ray surface diffraction. The dynamical treat- 
ment of these diffraction experiments was given by 
Afanas'ev & Melkonyan (1983) by means of the extended 
dynamical theory of X-ray diffraction given by Bedynska 
(1973, 1974), Briimmer, Hibche & Nieber (1976a, b, 1979) 

0108-7673/86/060585-03501.50 

and H/irtwig (1976, 1977). The aim of this paper is the 
geometrical interpretation of the phenomena of X-ray sur- 
face diffraction on the basis of the three-dimensional disper- 
sion surface. 

2. The spatial dispersion surface 

The beam geometry for skew X-ray reflections can be rep- 
resented in a simple way. Generally all possible incident 
and exit beams are on cones with the diffraction vector bh 
as axis. In this paper we consider only the case where the 
diffraction vector lies in the crystal surface. This geometry 
corresponds to a symmetrically skew Laue case. The term 
'symmetrically skew' means that the incident and exit beams 
make the same angles with the crystal surfaces of a plane 
parallel crystal and exact fulfilment of the Bragg condition 
is realized. Extremely skew reflections can be characterized 
by small angles between the diffraction vector and the 
crystal surface and a small angle between the incident X-ray 
beam and the crystal surface. 

For the wave vectors outside and inside the crystal the 
component parallel to the crystal surface must be constant. 
Geometrically that means that both wave vectors have their 
starting points on the same normal to the crystal surface. 
By means of a complete representation of the dispersion 
surface it is possible to determine the angular ranges, which 
are of interest for measurements in extremely skew 
geometry. In Fig. 1 an attempt at a three-dimensional pic- 
ture of the dispersion surface is presented; only the spheres 
with radius r = nk (inside the crystal, n = refraction index, 
k=vacuum wave number) are sketched and the two 
branches of the hyperbolic planes are partially drawn. In 
the upper part the discus-like surface is shown. In the lower 
part the other hyperbolic surface is sketched. For clarity 
only one polarization state is considered. The equatorial 
plane of the two spheres represents the crystal surface. The 
section of the dispersion surface containing this plane is 
the well known picture (see Fig. 2a), but here the wave 
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